The (1 + 3)-dimensional Dirac equation of the fermions moving in ideal Aharonov-Bohm rings in the de Sitter expanding universe is used for deriving the exact expressions of the general relativistic partial currents and corresponding energies. In the de Sitter geometry, these quantities depend on time but these are related each other just as in the non-relativistic case or in special relativity. A specific relativistic effect is the saturation of the partial currents for high values of the total angular momentum. The total relativistic persistent current at T = 0 takes over this property even though it is evolving in time because of the de Sitter expansion.
Introduction
The electronic effects in mesoscopic systems can be studied in many cases by restricting to the non-relativistic quantum mechanics [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] based on the Schrödinger equation with suitable additional terms describing the spin-orbit interaction [11, 12, 13, 14, 15, 16] . Nevertheless, there are nano-systems laying out some measurable relativistic effects that can be satisfactory explained considering the electrons as massless Dirac particles moving on lattices [17, 18, 19, 20] . In many studies concerning relativistic effects in nano-systems [17, 18, 21, 22, 23, 24] one considers the electrons near the Fermi surface as (1 + 2)-dimensional Dirac particles corresponding to a restricted three-dimensional Clifford algebra. However, in this manner one restricts simultaneously not only the orbital degrees of freedom but the spin ones too, reducing the natural SO (1, 4) symmetry to the SO(1, 2) one.
We believe that this restriction is forced and less justified especially when one can use the complete (1 + 3)-dimensional Dirac equation restricting only the orbital motion, according to the concrete geometry of the studied system, but without affecting the natural spin degrees of freedom described by the SL(2, C) group. Nevertheless, the complete Dirac equation was only occasionally used for investigating some special problems of the fermions in external Aharonov-Bohm (AB) field as for example the spin effects in perturbation theory [25, 26, 27] , the behaviour of the AB fermions in MIT cylinders [28] and even the AB dynamics using numerical methods.
Trying to apply the complete Dirac equation for studying the relativistic persistent currents in AB quantum rings we obtained initially a version of Dirac equation with a non-Hermitian term introduced by the unappropriate method of orbital restriction [29] . This distorts the results presented therein as well as other ones based on this approach, even though these may outline some new realistic effects [30] . For this reason, we corrected this inconvenience building the complete theory of the relativistic AB effect on ideal rings [31] and cylinders [32] considering the correctly restricted (1 + 3)-dimensional Dirac equation in the Minkowski spacetime, involving only Hermitian operators that can be obtained easily starting with a suitable restricted Lagrangian theory [31] .
In this paper we would like to extend this study to the expanding portion of the de Sitter (dS) spacetime which is a plausible model of our universe known as the dS expanding universe. On this manifold we studied the solutions of the free Dirac equation [33] and we constructed the quantum electro-dynamic in Coulomb gauge analyzing simple effects in the first order of the perturbation theory [34] . Here we focus on the relativistic AB effect in ideal rings in the presence of the dS gravity showing how the orbital motion can be restricted without affecting the spin degrees of freedom. We derive the fundamental solutions of the Dirac equations as common eigenspinors of the set of commuting operators formed by the Dirac operator, the total angular momentum along the direction of the magnetic field and a special operator analogous to the Dirac spherical operator of the relativistic central problems [35] . These solutions can be normalized with respect to the relativistic scalar product obtaining the system of normalized fundamental solutions that allow us to write down the exact expressions of the energy, relativistic partial currents and to derive the persistent persistent current at T = 0(K).
The principal feature of this problem is that the energy and the partial current densities are no longer conserved depending on time by means of the time-modulation functions of the fundamental spinors. This fact is not surprising but is quite new such that we derive the closed expressions of the energy spectrum and the form of the partial currents. The surprise is to find that these quantities are related just as in Minkowski spacetime [31] or even in the non-relativistic case. More specific, we deduce that the partial currents are proportional with the derivative of the energy with respect to the flux parameter. Moreover, we point out the same saturation effect we discovered in special relativity but which is missing in the non-relativistic limit [31] .
In our approach the time-dependence of the principal quantities is given by complicated functions that may lead to difficulties in interpreting the final results. For this reason, we propose a satisfactory approximation which helps us to write down simpler and intuitive formulas we need for understanding the phenomenology as well as the limiting cases. In this manner we can show that in the flat limit the dS persistent currents become just those found in the Minkowski flat spacetime [31] .
The paper is organized as follows. In the second section we present the relativistic theory of the fermions in AB rings based on a suitable restricted complete Dirac equation deducing the form of the normalized spinors of given total angular momentum and polarization. In the next section we deduce the expression of the time-dependent energy expectation values related to the partial currents which also are depending on time. After we verify the mentioned relation the energy and partial current, we study the functions determining their time evolution. In section 4 we propose an approximation of these functions showing by brief graphical analyze that this is accurate inducing relative errors less than 10 −6 . In this approximation the physical quantities, i. e. the persistent current and the energy of the Fermi level, are given by intuitive formulas allowing us to discuss their physical meaning in the last section.
We work in natural units with = c = 1 resorting to the SI ones in some concrete examples.
AB rings in dS spacetime
The de Sitter (dS) expanding universe is the expanding portion of the (1 + 3)-dimensional dS hyperboloid where we can use the well-known types of co-moving charts, either the conformal chart {t c , x} whose coordinates x 
where ω is the Hubble dS constant in our notation. The line elements of these charts [36] ,
allow the simple choice of the diagonal tetrad gauge fields whose non-vanishing components,
give the Dirac operator
In general, the solutions of the Dirac equation, (E D − m)ψ = 0, are linear combinations of the fundamental solutions which have to form an orthonormal basis with respect to relativistic scalar product [36] ,
defined by the weight function,
Now we consider the ideal Aharonov-Bohm effect assuming that the Dirac fermions of mass m move in an ideal ring of radius R whose axis is oriented along the homogeneous and static external magnetic field B. We remind the reader that the Maxwell equations are conformally invariant such that the electromagnetic potentials in the conformal chart {t c , x} are just the Minkowskian ones, A 0 = 0 and A = 1 2 B ∧ x. Moreover, the transformation t c → t does not affect the space components of the tensor strength such that the potentials giving the magnetic field remain the same.
The ideal ring is a one-dimensional manifold (without internal structure) embedded in the three-dimensional space according to the equations r = R and z = 0, written in cylindrical coordinates (t, x) → (t, r, φ, z) with the z axis oriented along B. Then, it is natural to assume that any field ψ defined on this manifold depends only on the remaining coordinates (t, φ) such that we may take ∂ r ψ = 0 and ∂ z ψ = 0 but in the Lagrangian instead of the field equation for preserving the Hermitian properties of the Dirac operator [31] . We have shown that this procedure reduces to the substitution
where
is depending on φ while the notation β = 1 2 eBR 2 stands for the usual dimensionless flux parameter (in natural units). In this manner we obtain the Dirac operator of the AB effect in the dS expanding universe,
whose supplemental third term guarantees the desired Hermitian property,
Note that in the dS geometry the AB interaction term ωβγ φ t c depends explicitly on time in contrast to the flat case where this is timeindependent [31] .
The next step is to look for a system of commuting operators able to determine the fundamental solutions of the Dirac equation (E D − m)ψ = 0.
As in the flat case, the Dirac operator commutes with the third component, [37, 31] . We collected thus the system of commuting operators {E D , J 3 , K} which determines the system of fundamental solutions U ± λ (x) as common eigenspinors satisfying the eigenvalues problems
Solving these equations as in Ref. [31] we obtain the fundamental spinors
in terms of modified Bessel functions, K ν ± , of indices ν ± = 1 2 ±i m ω , depending on time through the auxiliary variable
It remains to determine the normalization constant N assuming that the fundamental spinors obey the ortonormaization rules
with respect to the relativistic scalar product of the AB problem
resulted from the general form (5) after the dimensional reduction. This can be calculated according to Eq. (52) finding the common normalization constant
The principal quantum number is the angular one, λ, which can take only half-integer values, λ = ± , ..., as it results from the condition U ± λ (t, φ + 2π) = U ± λ (t, φ). The eigenvalues ±1 of the operator K give the polarization in the non-relativistic limit. For this reason we keep this terminology considering that these eigenvalues define the fermion polarization with respect to the direction of the magnetic field B. In general, a state of total angular momentum λ and arbitrary polarization is given by the normalized linear combination
for which the expectation value of the polarization operator,
can take values in the domain [−1, 1].
Energy and currents
In the AB ring in the dS spacetime each electron produces a partial current which will contribute to the final form of the persistent current at T = 0. In the non-relativistic approach as well as in the relativistic theory of AB rings in Minkowski spacetime [31, 32] the partial currents are proportional with the derivative of energy with respect to β. Therefore, the first step is to investigate if this fundamental relation holds in the dS geometry too. The energy operator of the dS isometry group, H = −iω(t c ∂ tc + x i ∂ i ) [33] , reduces to its first term on AB rings since the dimensional reduction imposes x i ∂ i = r∂ r + z∂ z = 0. The principal difficulty arising here is that this operator does not commute with E D such that the energy is no longer a conserved quantity as in the flat case. Therefore we must consider the time-dependent expectation values of the operator H AB = −iωt c ∂ tc in the states (λ, ±1), defined as
Then, by using the scalar product (14), we find that the energy is independent on polarization, depending on time and λ only as function of ζ,
where the function
. (20) has an imaginary part,
that can be easily pointed out by using Eq. (52). We must stress that this term is due to the dS expansion as we have shown for the free fermions on the dS expanding universe [38] . The remaining real part
is symmetric, E(−ζ) = E(ζ), and satisfies the natural rest condition lim ζ→0 E(ζ) = m. Furthermore, we focus on the partial currents starting with the general definition of the current density in a state ψ,
and denoting
Hereby we obtain the partial currents,
which are independent on polarization, depending on time and λ by means of ζ as I λ (t c ) = I[ζ(t c , λ)] or I λ (t) = I[ζ(t, λ)] where
is a real-valued skew-symmetric function, I(ζ) = −I(−ζ) ∈ R.
These results can be applied to the state of arbitrary polarization ψ λ defined by Eq. (16) since we have the following useful identities
which guarantee that
In contrast to the flat case [31] , these quantities are no longer conserved, evolving in time during the dS expansion. Nevertheless, we have the surprise to verify the fundamental identity of the AB effect,
which is similar to that we deduced in the Minkowski spacetime [31] since in the flat limit we must take ω → 0 and (−ωt c ) → 1. The profiles of these functions are presented in Fig. 1 laying out the saturation of the partial currents for ζ → ±∞. We must stress that this is a genuine relativistic effect, as in the case of the AB rings in the Minkowski spacetime [31] . The asymptotes coincide with the partial currents of massless fermions which are proportional with sign(ζ). The last task is to derive the total persistent current at T = 0 in a semiconductor ring of radius R having an even number of electrons, N e , requested by the Fermi-Dirac statistics. The total persistent current at T = 0, written in terms of the proper time t instead of the conformal one, is given by the sum
over all the allowed angular numbers, λ = ± 
where now ζ 0 = ζ| β=0 = λ ωR e −ωt . As we proceeded in the case of the AB rings in Minkowski spacetime [31] , we assume that the sum (32) is wellapproximated by the integral,
arriving thus at the final expression of the persistent current at T = 0,
where the function I(ζ) is given by Eq. (26) . Moreover, if β λ F we can write the corresponding energy of the Fermi level as
neglecting the flux parameter β.
Approximation
The final exact results (36) and (37) are expressed in terms of the complicated functions (20) and (26) whose physical meaning is not quite obvious. For this reason we believe that it is convenient to use a convenient approximation that can be easily understood and manipulated. An useful guide may be the asymptotic behavior of the energy and partial currents for ζ → ±∞ that can be calculated according to the asymptotic form of the modified Bessel functions (53) as,
The limit of the function of the partial currents is independent ζ having just the asymptotic values we found in the case of the Minkowski spacetime [31] . These results encourage us to replace the exact modified Bessel functions by the pre-asymptotic approximation (54) obtaining the approximative formulas of our basic quantities,
which preserve the identity (20) sincẽ
Note that this approximation is inspired by the uniform expansion of the modified Bessel functions which is proved for real or pure imaginary indices [39, 40] but not for our complex indices ν ± . Therefore, we must verify the accuracy of this approximation resorting to numerical methods. For this purpose we consider the relative differences,
which are functions on ζ and κ = m ω
. Both these variables take large values since these are inverse proportional with ω which is extremely small even in strong gravitational fields (in our expanding universe ω 2.5 10 By plotting these relative differences on large domains of variables we obtain only very small relative errors (less than 10 −6 as in Fig.2 ) leading to the conclusion that Eqs. (39) and (40) represent a satisfactory pre-asymptotic approximation which is suitable for physical interpretation.
Trusting now in our approximation we may use it for deriving simpler and intuitive formulas by replacing the exact functions I(ζ) and E(ζ) by the functions (40) and (39) . Then we obtain the final estimatioñ
where the variable
is the same as in the flat case [31] which can be recovered for ω → 0 since
Another advantage is of this simple time-dependence is that, around the initial moment t = 0, the small time-dependent correctioñ
due to the dS expansion can be pointed out. In other respects, it is obvious that for t → ∞ the AB effect vanishes since lim t→∞Ĩ (t) = 0 and lim t→∞ẼF (t) = m.
Concluding remarks
We presented here the complete theory of the general relativistic AB effect in the dS expanding universe obtaining closed formulas of the persistent current and corresponding energy of the Fermi level. These quantities depend on the parameter Λ that is independent on gravity being determined by number of electrons N e (giving λ F = Ne−1 2
) and the parameter m e R (or mec R in usual units) where m e is the electron mass. For the mesoscopic systems m e R is very large (∼ 10 4 − 10 6 ) such that the parameter Λ becomes very small remaining in the non-relativistic limit, I nr ∼ I max Λ, in which the saturation of the persistent current cannot be observed. This effect, which is similar to that we found in special relativity [31] , could be seen only for smaller values of m e R (say around 10
3 ) that may be reached either in semiconductor mesoscopic rings where the effective electron mass m * is very small (e. g. m * < 10 −3 m e ) or in semiconductor nano-rings. These conditions could be obtained in further experiments but now we cannot point out the relativistic effect of the saturation of the persistent current neither in the Minkowski spacetime nor in the dS one.
In what concerns the possibilities of measuring the time dependence of the persistent currents due to the expansion of our universe we do not have any hope since the time correction in Eq. (48) is proportional with ω which is too small for the actual experimental capabilities.
However, despite of the fact that the special or general relativistic AB effects cannot be measured actually in our laboratories, these effects do exist and, for this reason, these must be studied by using appropriate mathematical methods. In this manner, we may approach to a general relativistic solid state physics which could offer one new methods of investigating the local properties of the gravitational fields.
